BILLIARD DYNAMICS NEAR AN INVARIANT HORIZONTAL 

CIRCLE 



GERALDO CESAR GONCALVES FERREIRA, SYLVIE OLIFFSON KAMPHORST, 
AND SONIA PINTO-DE-CARVALHO 

Abstract. Sufficiently differentiable oval billiards always have invariant rota- 
tional curves, but there are only two types of ovals with an invariant horizontal 
circle in its phase-space: the constant width ovals and some very special sym- 
metric curves. 

In this work we study the dynamics near the horizontal circle for the bil- 
liard map of those two types of ovals, and show that the horizontal circle is 
approached, from both sides, by other invariant rotational curves. We will also 
describe some dynamical consequences. 



1. Introduction 

Let r be an oval: a plane, simple, closed curve, with strictly positive curvature. 
The billiard problem on T consists of the free motion of a point particle inside 
F, colliding elastically with the boundary. The motion is then determined by the 
collision point at T and the direction of motion immediately after each impact. 

If we parameterize T by ip £ IR/27rZ, the angle between the tangent vector and a 
fixed direction, the billiard motion can then be described by the parameter ip, that 
locate the point of impact, and by the angle a £ (0, 7r) between the tangent vector 
and the outgoing trajectory, measured counterclockwise. 

This motion defines a map B from the open cylinder R/27rZ x (0, 7r) into itself, 
which has some very well known properties (see, for instance, [5], chapters 9 and 13 
for the properties of billiards and twist maps listed and/or used in this paper): if T 
is C k , B is a C fe_1 -diffeomorphism, preserving the measure dv = R((p) s'madadp, 
where R is the radius of curvature of T. 

As r has strictly positive curvature, B has the monotone Twist property. There- 
fore, for each p £ (0, 1) there exists a closed, invariant, minimal set on the phase 
space R/27rZ x (0,tt), which can be injectively projected onto R/27rZ and such 
that the induced dynamics preserves the order of R/27rZ. This invariant set can 
be a periodic orbit with period p; an invariant rotational curve, i.e., a continuous 
closed curve, non nomotopic to a point, invariant by B, with rotation number p 
and which, by Birkhoff's Theorem, is the graph of a Lipschitz function a — /(</?); 
or an Aubry-Mather Set, i.e., a closed, invariant, minimal set, projecting injectively 
on a Cantor set of R/27rZ. 

Having an invariant rotational curve is a quite general property: the circular and 
the elliptical billiards, for instance, are integrable and have the whole cylindrical 
phase space R/27rZ x (0, 7r), for the circle, or a big part of it, for the ellipse, foliated 
by invariant rotational curves. If the oval boundary T is C k , k > 5 then Douady- 
Lazutkin Theorem guarantees a whole family of invariant rotational curves near 
the boundaries of the cylindrical phase space ([3], [7]). 
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However only a few ovals will have an invariant horizontal circle. The most 
famous case is the circle, whose phase space is foliated by invariant horizontal 
circles given by a = ag. On each one of these circles, the restricted dynamics is a 
rotation, with rotation number ujq = ao/n. 

Apart from the circle, there are only two possible cases: ovals of constant width 
(which includes the circle) or ovals with a very special symmetry (which again 
includes the circle and some symmetric ovals of constant width). 

The first case was studied by Knill [6] who proved that a billiard map preserves 
the circle a = ir/2 if and only if the oval boundary T has constant width. The 
rotation number of this circle is 1/2 as each of its points belongs to a 2-periodic 
orbit. 

Tabachnikov [TT] and Gutkin (J proved that a noncircular oval billiard has an 
horizontal invariant circle of the form a = a a ^ 7r/2, if and only if the radius of 
curvature of the boundary T is given by R(ip) = a + bcos(mp), with n > 4 and 
|6| < a, and cto satisfies tan(nao) = ntan(ao). The billiard dynamics restricted 
to the invariant horizontal circle is a circle diffeomorphism, with rotation number 
uq = ao/tr which, as proved by V. Cyr [2], is an irrational number. 

In particular, observe that combining these results we have that an oval billiard 
preserves a horizontal circle with rational rotation number different from a half if 
and only if its boundary is a circle. 

2. Invariant rotational curves near an invariant horizontal circle 

In this section we will show that any neighbourhood of an invariant horizontal 
circle, for sufficiently differentiable billiards, contains an invariant rotational curve. 
We will separate the proof into three parts corresponding to the three differente 
cases. We start with the obvious case of the circular billiard. The case of a hori- 
zontal circle with rotation number 1/2, is handled by Douady's result ([3], Chapter 
3, Corollary II. 2). Finally we address the irrational rotation number case. Unfortu- 
nately, Douady's result cannot be applied in this last case, since we do not know if 
the rotation numbers are Diophantine. We will use instead, the ideas developed by 
Levi and Moser in [5] . Although their result also ask for a Diophantine condition, 
we will be able to develop a strategy to manage irrational rotations. 

2.1. The circular billiard. If the boundary curve is a circle, then the billiard map 
is B(tpo,cxo) = ((fo + 2ao,ao). The phase space is foliated by invariant horizontal 
circles and trivially any neighbourhood of each one of those circles contains other 
invariant rotational circles. 

2.2. Billiards of constant width. Let T be a C k constant width curve, with 
length L and width W. The constant width property implies that the billiard map 
B preserves the horizontal circle a = ir/2 and B((p,%/2) = (ip + 7r,7r/2). 

Lemma 1. There is a C k ~ 2 change of coordinates on a neighbourhood of the hor- 
izontal circle a = n/2 that puts B into the form 




where Ci > CO) > C2 > 0. 
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Proof. Unsing the canonical variables s € M./LZ, the arclength parameter of T, and 
p = cosa € ( — 1,1), the billiard map writes B(so,po) — with 
B((p(so), arccospo) = (v( s i)> arccospi). It is area preserving as the Lebesgue mea- 
sure dsdp is invariant. Clearly, B(s(ip),0) = (s(ip + 7r), 0). 

Let R(ip) be the radius of curvature of T at </j. For t g IR/Z, the length of F 
from 93 = to <p = 2irt is given by s(t) = ^ R{P)dfi. And so, B{s(t),Q) = 
(s(t + 1/2), 0). Along with i = <p(s)/2ir, we take y = —2nR(Lp(s))p to define the 
change of coordinates 

(1) G(£,2/) = 6^),——!—) = (s(t) " 



2TTR{2TTt) J \ s'(t). 

In the new variables the billiard map is given by T = G _1 o B o G and we have 
T(t, 0) = G- 1 o B(s(t),0) = G- X (s(f + |),0) = (f + i 0). 

Observe that | det DGu tV ) \ = 1 and so T is also area preserving. 
Expanding near (i,0), for each fixed t we get 

T(t, y) = (t + i 0) + DT (i)0) (0, y) + G(y 2 ). 

Denoting W = ||r(27rt) - r(2?rf + tt)||, R = R(2wt), R^ = R{2nt + it), on a 
constant width curve we have W = Rq + R^. Using the well know expression of 
the derivative of the billiard map in the (s,p) coordinates (see, for instance [9]) we 
have 



DT(t,o) = DG ( s ( t+ L),o) DB ( s (t),o)DG {t)0 ) 




\ fl 

-l 



2-kRo 



W 



1 



T (t, y) = (t + l,o)+ ( A _Z D v, v ) 0( <c 



This leads to the desired expansion 

1 

2 ,0j ' \4n 2 R R. 
for each fixed t. 

Since t <E R/Z the expansion is uniformly defined on a cylinder Us = {(t,y),t E 
K/Z, \y\ < S}. As r is closed, and then compact, and the billiard dynamics is 
invariant by homothctics on the billiard table, R is positive and bounded above and 
below, we can assume that mm R((p) > 1/(2tv). Therefore, as W is the (constant) 
width of the curve, there exist Ci and £2 such that Ci > W / (Air 2 R^R^) > C2 > 0. □ 

Theorem 2. Let T be a C k constant width oval, k > 7, and B its associated 
billiard map. Then every cylindrical neighbourhood of the invariant circle a = it/2 
contains an invariant rotational C k -curve, kl < k — A, where the billiard dynamics 
is conjugated to a Diophantine rotation. 

Proof. This theorem is proved applying Douady's result ([3], Chapter 3, Corollary 
II. 2) in the rational (a/n — 1/2) case. 

The billiard map B is a C fe_1 -diffeomorphism, preserving the measure 
R(f) sinadadip. Changing coordinates (>p,a) to (s,p), B is still a C fc_1 -diffeo- 
morphism. As it is area preserving, B n {^) n 7 ^ for any rotational curve 7 
(invariant or not) and any n, i.e., B and all its iterates have the property of 
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intersection. So T(t, y) is a C k 2 diffeomorphism which, together with all its 
iterates, inherits the property of intersection. It can be expanded as T(t, y) = 
(t + 1/2 + W[4TT 2 R(2irt)R(2irt + ir^y + 0(y 2 ),y + 0{y 2 )) by the lemma above. 
We can then apply Douady's result and conclude that there exists e > and a 
Cantor set K formed by irrational numbers on (1/2 — e, 1/2 + e) such that for every 
a £ K there is an invariant rotational curve 7 a where the billiard dynamics B\~ la is 
conjugated to a rotation of 2na. Moreover, for every k' < k~ 4, ||7 a — 7i/2llc fe/ — ^ 0> 
where J1/2 = {a = 7r/2}. Or, in other words, if (a„) is a sequence of numbers on 
K \ {1/2}, a n — ¥ 1/2, the invariant curves j an converge to 71/2- 

So, every cylindrical neighbourhood of the invariant circle a = ir/2 contains an 
invariant rotational curve. □ 




2 3 4 5 



Figure 1. Right: Phase space of the billiard on the constant 
width oval with radius of curvature R(ip) = 1 + 0.1 cos 5ip + 
0.03 cos 7ip. Left: zoom on a neighbourhood of a = n/2. 



2.3. Billiards with a special symmetry. As we have mentioned in the introduc- 
tion, Tabachnikov [11] and Gutkin [3] proved that a noncircular oval billiard has 
an horizontal invariant circle of the form a = ao =/= tt/2 ii and only if the radius of 
curvature of the boundary T is given by R(ip) = a + bcos(rup), with n > 4, |6| < a, 
and cxq satisfies tan(nao) = rttan(ao). If n is odd, ao = 7r/2 is a solution and T 
has constant width. The existence of invariant curves close to this invariant circle 
is given by Proposition [2] in the previous subsection. In this section we will prove 
an analogous result for the other circles: every cylindrical neighbourhood of the 
invariant circle a — ao ^ tt/2 contains an analytic and invariant rotational curve, 
where the billiard dynamics is conjugated to a Diophantine rotation. 

As R(ip) is analytic, the oval T is analytic and so is the billiard map B(ipo, ao) — 
((/?!, ai). Observing that ipi — a% = cpo + ao we see that the billiard dynamics re- 
stricted to the invariant horizontal circle a — ao, is just a rotation of 2ao- However, 
although Cyr [5] proved that if ao 7^ tt/2 is a root of tan(nao) = ntan(ao) then 
ao/ 71 " is an irrational number, we do not know if it is Diophantine. 

Levi and Moser [8] use the variational formulation of the Twist map to write 
down a homological equation and an invariant curve is found by a modified Newton's 
Method. The proof of Levi-Moser's Theorem also strongly relies on the hypothesis 
that the rotation number is Diophantine and so their result can not be directly 
applied to our problem. However the steps of the construction can be adapted to 
handle irrational rotations. 

As homotheties on the billiard table do not change the dynamics of the billiard 
map, we will take T with length 1, fixing a = l/(27r). With |6| < l/(27r), T is 
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strictly convex and then the billiard problem has a Lagrangian function 

h( s ,s) = -\\r(s)-m\\- 

It is easy to see that (see, for instance, [S], section 9.2) 

B(s ,Po) = (si,j?i) <*=^> 9i/i(s ,si) =po and d 2 h(s , s%) = -pi 
A curve -f(t) = (u(t),v(t)), t £ K/Z, satisfying 
(2) B(u(t),v{t)) = (u(t + u), v(t + ui)) 

is invariant under B and B\ y is conjugated to a rotation of w. This is the case, for 
instance, of the invariant horizontal circle a = «o which corresponds to 

= s(t)= R(fi)d/3 = t+ - sin 27rni 



o 



= p(f)=cosao 
uj = loq = — • 

7T 

Since 

(3) u(t) = -dih{u{t), u(t + lu)) = d 2 h(u(t - w), u(t)) 
formula ([2| is true if and only if u(t) satisfies the homological equation 

(4) dih(u(t), u(t + uj)) + d 2 h{u{t - ui),u(t)) = 

Instead of looking for an invariant curve we will search for a function u and a 
number ui verifying Q. In order to do that, we need to set up the framework in 
which the problem is formulated and solved by given some definitions and prelimi- 
nary estimates. 

Given r > 0, let W r be the space of analytic functions g(z) defined on |Im z\ < r, 
with the norm \g\ r = sup| Imz | <r | <?(,?) |, and W r C W r the subspace of one-periodic 
functions. 

Lemma 3. Let s(z) be the analytic continuation of the arclength function s{t). 
Then s(z) € W r and s(z) — z G W r , for every r > 0. 

Moreover, given N > max | i_\^ b > 1 + 27rfe| there exists r > such that \s'\ r < 
N and Is'l^ 1 < N for all r < r . 

Proof. It is enough to observe that s(t) = t + (b/n) sin27rnt is analytic. □ 

Lemma 4. Let h(zi,Z2) be the analytic continuation of the Lagrangian function 
h(si,S2). Its domain D can be chosen such that min \di2h(zi, Z2)\ > re and \h\ c3 < 
M in D, with n > and M > 0. 

Proof. R(ip) = 1/27T + bcosmp is analytic, and so is the Lagrangian function h. 
Consider h(t) = h(s(t), s(t + u>o))> the restriction of the Lagrangian function to the 
invariant horizontal circle. Then 

h(t + 1) = h(s(t) + 1, s(t + w ) + 1) = h(s(t), s(t + w )) 

and h together with all its derivatives up to order three, when evaluated on the 
invariant horizontal circle, are bounded for every t£R. Moreover 

\d 12 h(s(t),s(t + u ))\ = - " m2 "° > C> . 

h{s{t),s(t + u) )) 
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Then we can take an open strip U C R 2 , containing the curve (s(t), s(t+u>o))> t€K, 
where \h\ C 3 < M and \di 2 h(si, S2) | > ft > and extend /i, via its Taylor series, to 
a domain D C C 2 , D (IE 2 = U , where \h\ c3 < M e mino |5i 2 /i(zi, ^2) | > k. □ 

For p > 0, let D p = {(zi, z 2 ) |dist((zi, z 2 ), C 2 - D) > p] C £> be the biggest 
subset of D such that its p-neighbourhood is in D. 

Lemma 5. Given p > swc/i £/ia£ ^ £> p C -D, i/iere exist positive constants r, £ p 
and (ip such that for every |£ — cjo| < £p and 2 suc/i £/ia£ \Imz\ < r 

(s(z),s{z + 0) G 
and «/ |g — s| r < /i p we aZso have 

(g(z),g(z + £)) e L> p 

Proof. {(s(t), s(t+uJo)),t £ R} C O. The continuity of s and the equality s(z + l) = 
s(z) + 1 imply the first result. The second one is a consequence of the first. □ 

Given p > 0, let 

= {ge W r \ \g-s\ r < p, p }. 
For each £ e [cj — £ P , w + £ p ] let 

Ei : ^ — > W ri 
E^z) = dMg(z),g(z + £)) + d 2 h(g(z - £),«?(*)) . 
Levi and Moser in [5] proved 

Theorem (Levi-Moser) Suppose that £ verifies, for all n, m £ Z, n > 0, a 

Diophantine condition |n£ — m\ > K/n^ +1 . Then there exist positive numbers 5, r^ 
and A, depending on p,r, k, M,N, 0,K such that if \E$ (u)\ < 5 then there exists 
a unique such that Eg (itj) = 0, (8) — 9 € W Too and \v,£ — u\ r / 2 < A\E^(u)\ r - 

Obviously E Uo (s) — 0; however, as we already have pointed out, we do not know 
if luq is a Diophantine number. In the next steps we show how to circumvent this 
obstacle. 

Lemma 6. Given 5\ > there exists t\ > such that for every |£ — luq\ < t\, 

\Et(8)\ r <6!. 

Proof. Let / : {|Imz| < r} x [uj — £ p , u + £ p ] — > C be the uniformly continuous 
function given by 

f(z, £) = a^( S (z), a (z + 0) + d 2 h(s(z - £), s(z)). 

Then given Si > 0, there exists e\ > such that for all |(zi,£) — (z,ljo)\ < e i, we 
have |/(2i,0 - f( z ^ Q )\ < 5i/2. 

Since /(z, ujq) =0we can take z\ = z to conclude that given (5i > there exists 
ei > such that if |£- w | < d then |/0,£)| = \E^s(z))\ < 8 x /2 < 5 V □ 

Lemma 7. Let A e (0, 1) and £ > &e two numbers such that [A — e, A + e] C [0, 1] 
and Zei -Ko = min{A — e, 1 — (A + e)}. For each fixed K\ and /3\, Kq > K± > 
0,Px > 0, the set 

C\ JKuPi) = {£ € [A — s, X + el suc/i ttai |n£ - ml > ^ ,Vm, n e Z, n > 0} 
/ias /uZZ Lebesgue measure in [A — e, A + e] . 
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Proof. If £ G C\ e (Kx, Pi) we have in fact |n£ — ml > for all m and n > 1. 

Let us denote 7x, e = [A — e, A + e] and define the sets 

k 

|n£ — ml > „ Vm,Vn > 1, and at least one < k < K 



A(ft) = £ G h, 



B(k,(3i) = Uel. 



nf — ml < -rr— 3- for some m and n > 1 



It is clear that A D C\ £ (i£"i,ft) for all < ift < i£ft Note that the complement 
of A(ft) in 7 A , E is the set A c (ft) = Q ft). 

For each fixed m and n the set of £ such that \n£ — ml < -ttt-s- is the interval 

I(fc,ft,n,m) of lcnght . On the other hand, as the inequality also implies 

that — 1 < m < n + 1, it follows that 



00 / n \ 

S(fc,ft)c (J |J 7(fe,ft,n,m) 

n=2 \m=0 / 

and so, if fj, denotes the Lebesgue measure, 

00 / n \ 00 1 

M(£(Mi))<E ]L / " (/(fc '' 9l ' n ' w)) - 3fc 5I^Tft ' VA:>0 - 

n=2 \TO=0 / n=2 

Thus ^ (^ c (ft)) < kC for all fc, which implies that fi (>4 c (ft)) = 0. 
Now, for each fixed K\ < Kq, let us define the set 



£>(#!) = £ e /a, e 



|n£ — ml > , Vm, Vrt > 1, and at least one /3 > 

7j^+P 

Clearly D(ifi) D C A , e (#i,ft) and £> c (iTi) = IJ/3 #(-Ki> P)- A similar argument 
shows that fi(D c (Ki)) = 0. As CA.^i^ft) = A(ft) n -D(i^i), n{C c x £ {K 1} fr) = 
and so M (CA, e (#i,ft)) = M(^,e) = 2e . ' □ 

We can now prove the main result of this subsection. 

Theorem 8. Let T be an oval such that its associated billiard map B preserves the 
horizontal circle given by a = (Xq 7^ Tt/2. Then every cylindrical neighbourhood of 
the invariant circle contains an analytic and invariant rotational curve, where the 
billiard dynamics is conjugated to a Diophantine rotation. 

Proof. By Levi-Moser's Theorem if £ G Iu ,£„ — [ w o — ?p,wo + £ p ] is a Diophantine 
number with constants (3 and K, there exist S and such that if \E^ (u)\ r < S 
then there exists a unique such that (u^) = where (z) — z G W rao , the 
numbers S and r m depend on p, r, k, M, N, /3 and K. 

Yet, for any Diophantine number £ € Iu ,£ the constants p, r, k, M, N are always 
the same since, as the oval is fixed, we are dealing with the same Lagrangian function 
h and the same invariant horizontal circle, given by u = s. 

Choosing e < £ p , ft > and K\ as in Lemma[7j all £ € C^ ^{K\, ft) C ^ ,,j p , 
share the constants K\ and ft so the same 5 and Too of Levi-Moser's Theorem works 
for all of them. Let ft < <5 = S(p, r, k, M, N, ft + 1, K{). Then, by Lemma|6j there 
exists ei < £ p such that for every £ G C Wo _ e (ift , ft ) n I Uo j£l , we have E% (s) < ft < 6. 
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Thus, for each such £, there exists a unique such that (u%) — and so there is 
an invariant and analytic rotational curve (lie (t), Ve(t)), where v is given by formula 
on a neighbourhood of the invariant horizontal circle (u(t), v(t)) = (s(t), cosao) 
and with rotation number £. 

Now, let U v = {(s,p) G M. 2 / \p — cosao | < rj\ be an open strip around the in- 
variant horizontal circle with width 2rj. The Lagrangian function h is analytic and 
verifies h(s\ + l,s 2 + 1) = h(s±,S2) and so d\h is uniformly continuous in R 2 . 
So, there exists v > such that if \(<Ji,<T2) — (si,S2)| < v then \dih(ai, 02) — 
dih(si, S2) I < f?- Levi-Moser's Theorem states that the solution it£ of E% — satis- 
fies |mj — s| r / 2 < A\E^(s)\ r for some positive constant A. So for £ e C Uo , e {Ki, (3i), 
taking |£ — cj | sufficiently small, we can have, by lemma |6j |J5^(s)| r < v/(*/2A), 
obtaining \v,£ — s\ r /2 < f/(v2) and then 

|(u c («),U£ (2 + 0) - (a (2) , « (•* + 0)1 < v. 

Then, for t G R 

|« 4 (t)-cosoo| = |5i/i(u € (t),u e (i + 0)-diW),s(* + £))l <^ 
and 7^ = {(ug(t), «^(t))} C or, in words, any cylindrical neighbourhood of the 
invariant horizontal circle contains an analytic and invariant rotational curve, where 
the dynamics is conjugated to a Diophantine rotation. □ 
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Figure 2. Right: Phase space of the billiard on the symmetric 
oval with radius of curvature R(if) = 1 + 0.1 cos 6ip. Left: zoom on 
a neighbourhhod of the horizontal circle a = ao ~ 0.75625271. 



3. Dynamical consequences 

Birkhoff in [1] proved that any rotational invariant curve is a Lipschitz graph 
a = f(ip). We can define a partial order on the set of invariant rotational curves: 
given two invariant rotational curves 71 = {(cp, /i(<^))} and 72 = {(tp, /2(¥0)}, we 
say that 71 is bellow 72, denoted by 71 < 72, if fiif) < f2{<p)- If fiif) > f2( t f) we 
say that 71 is above 72. 

Theorem 9. Let B be a billiard map preserving a horizontal circle 70 = {a — chq}, 
defined inside a C k -curve, k > 7, if a® — n/2, or inside an analytic curve otherwise. 
Then 70 can be approached by invariant rotational curves from above and from 
bellow. 

Proof. We already know the existence of rotational invariant curves approaching 
the invariant horizontal circle. The question here is to prove that they can not 
approach the horizontal circle only by one side. 
The result is obvious for the circular billiard. 
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For the case k > 7 and ao = tt/2 it is sufficient to remark that the billiard 
map is reversible with respect to the reversing symmetry S((p,a) = (<p,TT — a), as 
S o B = B^ 1 o 5, meaning that the phase space is symmetric with respect to the 
line a — tt/2. 

If a Q ^ tt/2, i.e. uj ^ 1/2, for every £ e C WOl e (Kx,f3x, ) H (w - ei, oJo +d) there 
exists a unique invariant and analytic rotational curve 7^ = {(tt£ (t), U£ with 
rotation number £. 

Moreover, the Lebesgue measure of C Wo , e (if 1 , /3i ) n (w — £i , + £ i ) is 2ei . Then 
there are invariant curves with rotation number £ < ujq and also with £ > wq. It is 
proved in [10 (Corollary 6, page 110) for general Twist maps, that if two invariant 
rotational curves are such that 71 is bellow 72, then the rotation number of 71 is 
smaller then the rotation number of 72. This implies that all the invariant rotational 
curves given by Proposition [8] can not be on the same side of the horizontal circle, 
since they would have rotation numbers always greater or always smaller than 
oj . □ 

In the same work £Q , Birkhoff defined an instability region as the region between 
two invariant rotational curves, with no other invariant rotational curves inside. An 
immediate consequence of Theorem [9] is 

Corollary 10. On sufficiently differentiable oval billiards, no instability region has 
an horizontal circle as a boundary. 

The orbit of a point (ipo,ao), the set O(ipo,cto) = {(</?n,a„) = B n (ipo, ao)}, is 
ordered if T(ip Q ) < T(ipx) < T(ip 2 ) implies T((p n ) < T(ip n+1 ) < r(^ n+2 ), for every 
n, in the order induced by the orientation of the boundary T. 

Lemma 11. For sufficiently differentiable oval billiards having an invariant hori- 
zontal circle 70, there is an invariant region 1Z, containing 70, where every orbit is 
ordered. 

Proof. Using the expression of derivative of the billiard map in the (ip, a) coordi- 
nates, the Taylor expansion of B is given by 

B(tp,a + a) = (tp + 2a ,a ) + -r"— ( L, — — L — — - - sina ) + C(a 2 ) 

near 70 = {a = ao}- As T is closed, this implies that there is an e sucht that if 
\a\ < e then the orbit 0{ip, ao + a) is ordered. Let 71 < 70 < 72 be two invariant 
rotational curves contained in {(cp, ao + a), |a| < e} and 1Z be the region between 
71 and 72. TZ is invariant, contains 70 and every orbit in it is ordered. □ 

Corollary 12. For a sufficiently differentiable oval billiard, the set of invariant 
curves has positive measure on 7Z. 

Proof. If ao = 7r/2 and the oval is C k for k sufficiently large, by Douady's obser- 
vation ((SJ, chapter 3, II. 3. 3) the Cantor set K obtained in the proof of Theorem [2] 
can be replaced by the set 



K {fi, e) = I a € K such that 



< e and for all 



> A - 



,2+/3 



where (3 > satisfies 7+2/3 < k and < e < £0 wich e depending on A > and f3 > 
0. He also notes that lim /x (K (j3, e)) je = 1 and this implies that [i (K (J3, e)) > 0. 
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Let 71 and 72 be the boundaries of the invariant region 1Z of Corollary [TT] and £1 
and £ 2 be their respectively rotation numbers. We can assume K (f3, e) C £2]- 

By proposition 13.2.7 from Katok and Hasselblat's book ([5], page 427), the 
rotation number function p : 1Z n- [£1,^2] is continuous in the topology of the 
Hausdorff metric. 

Once that fj,(K((3,e)) > and K(f3,e) C [£1,62] then p _1 ([£1,62]) has positive 
measure in 1Z. 

We can repeat the argument in the case ao ^ n/2. Lemma [7] assures that the 
set of Diophantinc numbers corresponding to invariant rotational curves on 1Z has 
full Lebesgue measure on [£1, £2]- Then /0 -1 ([£i, £2]) has positive measure in 1Z. □ 
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